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a b s t r a c t
The Aztec diamond was extensively studied in both graph theory and statistical physics.
Knuth obtained a formula of the number of spanning trees of the Aztec diamond with the
constrained boundary condition, which solved a conjecture posed by Stanley in 1994. In
this paper, We give the formulae of the energy and the number of spanning trees of the
Aztec diamond with the toroidal boundary condition.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The Aztec diamond of order nwith the constrained boundary condition, denoted as ADn, is defined to be the graphwhose
vertices are on the white squares of a (2n+1)× (2n+1) chessboard with black corners, andwhose edges connect precisely
those pairs of white squares that are diagonally adjacent (Fig. 1(a) illustrates AD4) [4]. Ciucu [3] called the graph the odd
Aztec diamond of order nwhose vertices are on those remaining black squares and whose edges connect exactly those pairs
of black squares that are diagonally adjacent, and marked it for OD4 (Fig. 1(b) illustrates OD4), while he called the previous
Aztec diamond as an even Aztec diamond of order n.
Elkies et al. [4] proved that the Aztec diamond ADn of order n contains exactly 2n(n+1)/2 perfect matchings. This result was
also proved bymany authors (see for example [8,1,2,9,10,6]). Stanley [11] conjectured that the even Aztec diamond ADn has
exactly four times as many spanning trees as the odd Aztec diamond ODn. This conjecture was first proved by Knuth [7].
Knuth proved that the number of spanning trees of ADn
t(ADn) = 42n−1
n−1∏
j=1
n−1∏
k=1

4− 4 cos jπ
2n
cos
kπ
2n

4+ 4 cos jπ
2n
cos
kπ
2n

.
Ciucu [3] also gave an newmethod to prove this conjecture. From this formula, we can get the tree entropy of ADn (defined
by the statistical physicists) as
τ(ADn) = lim ln t(ADn)2n(n+ 1)
= 2 ln 2+ 1
2
∫ 1
0
dy
∫ 1
0
ln

1− cos πx
2
cos
πy
2
 
1+ cos πx
2
cos
πy
2

dx
≈ 1.1662. (1.1)
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Fig. 1. (a) The graph AD4; (b) the graph OD4 .
Fig. 2. The graph ADtn .
Relative to Aztec diamond ADn with constrained boundary condition, the Aztec diamond with the toroidal boundary
condition of order n, denoted by ADtn, is the graph obtained from ADn by identifying each pair of vertices xi and x
′
i , yi and y
′
i
of ADn, where i = 1, 2, . . . , n and xis (resp. x′is, yis and y′is) are the vertices illustrated in Fig. 2.
The adjacency matrix A(G) of a graph G with vertex set {Vi|i = 1, 2, . . . , n} is an n× nmatrix A = (aij)n, where aij = k,
if there are k edges between vertex Vi and Vj. Suppose λ1, λ2, . . . , λn, where λ1 ≤ λ2 ≤ · · · ≤ λn, are the eigenvalues of the
adjacency matrix A(G). The energy of the graph G, denoted by E(G), is defined as [5]:
E(G) =
n−
i=1
|λi|.
The degree–diagonal matrix D(G) of graph G is an n × n diagonal matrix whose diagonal elements are the degrees of
the vertexes of graph G. Define the Laplacian matrix as L(G) = D(G) − A(G). Denote its eigenvalues as µ1, µ2, . . . , µn,
where µ1 ≤ µ2 ≤ · · · ≤ µn. We know that µ1 = 0 [10], then we can get the number of spanning trees
by
t(G) = 1
n
n∏
j=2
µi,
where µi, i = 2, 3, . . . , n, are the nonzero-eigenvalues of L(G).
In this paper, we give the formulae of the energy and the number of spanning trees of the Aztec diamondwith the toroidal
boundary condition. We also get the relation between the tree entropy of Aztec diamonds with constrained boundary
conditions and toroidal boundary conditions.
2. Some lemmas
Yan et al. [12] have proved the following lemma:
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Lemma 2.1. Let
B =

A R 0 · · · 0 RT
RT A R · · · 0 0
0 RT A · · · 0 0
...
...
. . .
. . .
. . .
...
0 0 0 · · · A R
R 0 0 · · · RT A

n×n
be a block circulant matrix over the real number field, where both A and R are r× r matrices. Then there exists an invertible matrix
U of order nr such that
U−1BU = diag(J0, J1, . . . , Jn−1),
where Jt = A+ ωtR+ ω−tRT , t = 0, 1, . . . , n− 1, ω is a primitive nth root of unity, and superscript T denotes transposition.
A direct consequence of Lemma 2.1 is the following:
Corollary 2.2. Let
B =

A R 0 · · · 0 RT
RT A R · · · 0 0
0 RT A · · · 0 0
...
...
. . .
. . .
. . .
...
0 0 0 · · · A R
R 0 0 · · · RT A

n×n
be a block circulant matrix over the real number field, where both A and R are r × r matrices. Then B satisfies
det(B) =
n−1∏
t=0
det(Jt),
where Jt = A+ ωtR+ ω−tRT , t = 0, 1, . . . , n− 1, ω is a primitive nth root of unity, and superscript T denotes transposition.
3. The energy of Aztec diamonds
Theorem 3.1. Suppose that ADtn is an Aztec diamond of order n with the toroidal boundary condition. Then the energy of the
graph
E(ADtn) = 2
n−1
j=1
n−1
k=1

4+ 4 cos 2jπ
n
+ 4 cos 2kπ
n
+ 2 cos 2(j− k)π
n
+ 2 cos 2(j+ k)π
n
. (3.1)
Proof. First we consider the case of n = 1. Notice that the adjacency matrix is
A(ADt1) =

0 4
4 0

,
whose eigenvalues are λ1 = −4, λ2 = 4. Hence the energy E(ADt1) = 8, which satisfies Eq. (3.1). Then we consider the case
of n = 2. The adjacency matrix
A(ADt2) =

0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 0 1 0 1 0 1 0

8×8
,
whose eigenvalues are λ1, λ2, . . . , λ8 = −4, 0, 0, 0, 0, 0, 0, 4, and the energy E(ADt2) = 8, which also satisfies Eq. (3.1).
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When n > 2, explicitly which is this suitable labeling of ADtn, the adjacency matrix of AD
t
n is a block circulant matrix with
the following form:
A(ADtn) =

A2n R2n 0 · · · 0 RT2n
RT2n A2n R2n · · · 0 0
0 RT2n A2n · · · 0 0
...
...
. . .
. . .
. . .
...
0 0 0 · · · A2n R2n
R2n 0 0 · · · RT2n A2n

n×n
,
where A2n =

0 1 1
1 0 1
1 0 1
1 0
. . .
. . .
. . . 1
1 0 1
1 0 1
1 1 0

2n×2n
, R2n =

0 1 1
0 0 0
1 0 1
0 0 0
1 0
. . .
. . .
. . . 0
1 0 1
0 0

2n×2n
.
The characteristic polynomial of A(ADtn) is
φ(λ) = λI2n2 − A(ADtn) .
By Corollary 2.2, we have
φ(λ) =
n−1∏
j=0
(λI2n − A2n)− (ωjR2n + ω−jRT2n) ,
where I2n is the identity matrix of order 2n, ω is the nth root of unity. Note that
λI2n − A2n =

M2 N2 0 · · · 0 NT2
NT2 M2 N2 · · · 0 0
0 NT2 M2
. . . 0 0
...
...
. . .
. . .
. . .
...
0 0 0
. . . M2 N2
N2 0 0 · · · NT2 M2

n×n
is also a block circulant matrix, whereM2 =

λ −1
−1 λ

, N2 =

0 0
−1 0

. Then λI2n − A2n = In ⊗ M2 + Bn ⊗ N2 + BTn ⊗ NT2 ,
where In is the identity matrix of order n, In ⊗M2 denotes the tensor product of two matrices In andM2, and
Bn =

0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0
. . . 0 0
...
...
. . .
. . .
. . .
...
0 0 0
. . . 0 1
1 0 0 · · · 0 0

n×n
.
Note that
ωjR2n + ω−jRT2n = In ⊗

0 ωj
ω−j 0

+ Bn ⊗

0 0
ω−j 0

+ BTn ⊗

0 ωj
0 0

.
Hence
(λI2n − A2n)− (ωjR2n + ω−jRT2n) = In ⊗

λ −1− ωj
−1− ω−j λ

+ Bn ⊗

0 0
−1− ω−j 0

+ BTn ⊗

0 −1− ωj
0 0

.
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Let Wn =

ω0
ω1
. . .
ωn−1
, where ω is the nth root of unity. Then there exists an invertible matrix Qn =

ωjk√
n

0≤j,k≤n−1
such that Q−1n BnQn = Wn and Q−1n B−1n Qn = W−1n . Hence(λI2n − A2n)− (ωjR2n + ω−jRT2n) = (Qn ⊗ I2)−1[(λI2n − A2n)− (ωjR2n + ω−jRT2n)](Qn ⊗ I2)
=
In ⊗  λ −1− ωj−1− ω−j λ

+Wn ⊗

0 0
−1− ω−j 0

+W−1n ⊗

0 −1− ωj
0 0

=
n−1∏
k=0
 λ −1− ωj − ω−k − ωj−k−1− ω−j − ωk − ω−j+k λ
 .
So the characteristic polynomial of A(ADtn) is the following
φ(λ) =
n−1∏
j=0
(λI2n − A2n)− (ωjR2n + ω−jRT2n)
=
n−1∏
j=0
n−1∏
k=0
 λ −1− ωj − ω−k − ωj−k−1− ω−j − ωk − ω−j+k λ
 .
Then we can get the 2n2 eigenvalues of A(ADtn):
λ = ±

4+ 4 cos 2jπ
n
+ 4 cos 2kπ
n
+ 2 cos 2(j− k)π
n
+ 2 cos 2(j+ k)π
n
, (3.2)
where 0 ≤ j, k ≤ n− 1. The theorem is immediate from Eq. (3.2). 
Corollary 3.2. Suppose ADtn is an Aztec diamond with toroidal boundary condition of order n, then E(AD
t
n) ≈ 3.2422n2.
Proof. The asymptotic value of the energy on each vertex
lim
n→∞
E(ADtn)
2n2
= lim
n→∞
n−1
j=1
n−1
k=1
1
n2

4+ 4 cos 2jπ
n
+ 4 cos 2kπ
n
+ 2 cos 2(j− k)π
n
+ 2 cos 2(j+ k)π
n
=
∫ 1
0
dy
∫ 1
0

4+ 4 cos 2πx+ 4 cos 2πy+ 2 cos 2π(x− y)+ 2 cos 2π(x+ y)dx
≈ 1.6211.
Hence E(ADtn) ≈ 3.2422n2. 
4. Enumeration of spanning trees of Aztec diamonds
Theorem 4.1. Suppose ADtn is an Aztec diamond with toroidal boundary condition of order n. Denote the number of spanning
trees of ADtn by t(AD
t
n). Then
t(ADtn) =
4
n2
n−1∏
j=0
n−1∏
k=0

12− 4 cos 2jπ
n
− 4 cos 2kπ
n
− 2 cos 2(j− k)π
n
− 2 cos 2(j+ k)π
n

, (4.1)
where (j, k) ≠ (0, 0).
Proof. The degree matrix of ADtn is 4I2n2 , then the Laplacian matrix
L(ADtn) = 4I2n2 − A(ADtn),
and the Laplacian eigenvalues are
µj = 4− λj,
where λj are the eigenvalues of A(ADtn), and j = 1, 2, . . . , 2n2.
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Firstly, we consider the case of n = 1. We know that the Laplacian eigenvalues are :
µ1 = 0, µ2 = 8,
then the number of spanning trees:
t(ADt1) = 4,
satisfying Eq. (4.1).
Secondly, we consider ADt2, we can easily get the Laplacian eigenvalues:
µ1, µ2, . . . , µ8 = 0, 4, 4, 4, 4, 4, 4, 8,
and the number of spanning trees is :
t(ADt2) = 4096,
which satisfies Eq. (4.1).
While n > 2, by Eq. (3.2), the 2n2 Laplacian eigenvalues are all in the following form:
µ = 4±

4+ 4 cos 2jπ
n
+ 4 cos 2kπ
n
+ 2 cos 2(j− k)π
n
+ 2 cos 2(j+ k)π
n
,
where 0 ≤ j, k ≤ n− 1. Hence
t(ADtn) =
4
n2
n−1∏
j=0
n−1∏
k=0

12− 4 cos 2jπ
n
− 4 cos 2kπ
n
− 2 cos 2(j− k)π
n
− 2 cos 2(j+ k)π
n

,
where (j, k) ≠ (0, 0). 
Corollary 4.2. Suppose ADtn is an Aztec diamond with toroidal boundary condition of order n and t(AD
t
n) is the number of
spanning trees of ADtn. Denote by τ(AD
t
n) the tree entropy of AD
t
n. Then
τ(ADtn) ≈ 1.1662.
Proof. By the definition of the tree entropy,
τ(ADtn) = limn→∞
ln t(ADtn)
2n2
= lim
n→∞
1
2n2
ln

12− 4 cos 2jπ
n
− 4 cos 2kπ
n
− 2 cos 2(j− k)π
n
− 2 cos 2(j+ k)π
n

= 1
2
ln 2+ 1
2
∫ 1
0
dy
∫ 1
0
ln[6− 2 cos 2πx− 2 cos 2πy− cos 2π(x− y)− cos 2π(x+ y)]dx
≈ 1.1662.  (4.2)
A direct consequence of Corollary 4.2 is the following:
Corollary 4.3. Suppose ADtn is an Aztec diamond with toroidal boundary condition of order n, and t(AD
t
n) is the number of
spanning trees of ADtn. Then the asymptotic value of t(AD
t
n) is
t(ADtn) ≈ e3.3324n
2
.
Proof. From
τ(ADtn) = limn→∞
ln t(ADtn)
2n2
,
we can get that
t(ADtn) = e2n
2τ(ADtn) ≈ e2n2×1.166244 = e3.3324n2 . 
5. Conclusion
The formulae of the energy and the number of spanning trees of the Aztec diamond with toroidal boundary condition
are given in the above sections in Eqs. (3.1) and (4.1). Furthermore, from Eqs. (1.1) and (4.2), we can conjecture that both
the entropies of the Aztec diamonds with constrained and toroidal boundary conditions are the same.
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